We study an implicit predictor-corrector iteration process for finitely many asymptotically quasi-nonexpansive self-mappings on a nonempty closed convex subset of a Banach space E. We derive a necessary and sufficient condition for the strong convergence of this iteration process to a common fixed point of these mappings. In the case E is a uniformly convex Banach space and the mappings are asymptotically nonexpansive, we verify the weak (resp., strong) convergence of this iteration process to a common fixed point of these mappings if Opial's condition is satisfied (resp., one of these mappings is semicompact). Our results improve and extend earlier and recent ones in the literature.
Introduction and preliminaries
Let E be a real Banach space equipped with norm · , let C be a nonempty subset of E, and let T : C → C. The set F(T) = {x ∈ C : Tx = x} consists of all fixed points of T. 2 Implicit predictor-corrector iteration process (4) semicompact [9] if for any bounded sequence {x n } ⊂ C with lim n→∞ x n − Tx n = 0, there exists a strongly convergent subsequence of {x n }.
The class of asymptotically nonexpansive mappings, as a natural extension of that of nonexpansive mappings, was introduced by Goebel and Kirk [3] . They proved that if C is a nonempty bounded closed convex subset of a uniformly convex Banach space E, then every asymptotically nonexpansive self-mapping T on C has a fixed point. Furthermore, the study of iterative construction for fixed points of asymptotically nonexpansive mappings began in 1978. Bose [1] first proved that if the uniformly convex Banach space E satisfies Opial's condition [5] , then {T n x} converges weakly to a fixed point of T, provided T is asymptotically regular at x, that is, lim n→∞ T n x − T n+1 x = 0. A Banach space E is said to satisfy Opial's condition [5] if whenever {x n } is a sequence in E which converges weakly to x, one has
It is well known that every Hilbert space satisfies Opial's condition (see, e.g., [5] ). Xu and Ori [8] first introduced an implicit iteration process for N nonexpansive mappings in a Hilbert space and proved the following weak convergence theorem. Theorem 1.2 (see [8] ). Let H be a Hilbert space and let C be a nonempty closed convex subset of H.
be a sequence in (0,1) such that lim n→∞ α n = 0. Then the sequence {x n } defined implicity by . Later, Sun [7] introduced and studied another implicit iteration process 6) for N asymptotically quasi-nonexpansive self-mappings {T j } N j=1 on a nonempty bounded closed convex subset C of a Banach space E, where {α n } is a sequence in (0,1), x 0 is an initial point in C, and n = l n N + n (modN). Moreover, he proved that the sequence {x n } defined by his iteration process converges strongly to a common fixed point of
under suitable conditions.
At the same time, in [10] , Zhou and Chang introduced and studied the following implicit iteration process:
for N asymptotically nonexpansive self-mappings {T j } N j=1 on a nonempty closed convex subset C of a Banach space E, where {α n }, {β n }, {γ n } are three sequences in [0,1], x 0 is an initial point in C, and {u n } is a bounded sequence in C. Moreover, they proved that the sequence {x n } defined by their iteration process converges weakly to a common fixed point of {T j } N j=1 under suitable conditions. L. C. Ceng et al. 3 As indicated in [10] , if T 1 ,T 2 ,...,T N : C → C are N asymptotically nonexpansive mappings, then there exists a sequence, called common Lipschitz constants, {k n } ⊂ [1,∞) with lim n→∞ k n = 1 such that for each i = 1,2,...,N,
(1.8)
A similar situation occurs when T 1 ,T 2 ,...,T N are asymptotically quasi-nonexpansive. By convention, we write T n := T n (modN) , for integer n ≥ 1, with the mod function taking values in the set {1, 2,...,N}. In other words, if n = l n N + q for some unique integers l n ≥ 0 and 1 ≤ q ≤ N, then we set T n = T q . In this paper, we introduce the following implicit predictor-corrector iteration process with an auxiliary finite family of asymptotically quasi-nonexpansive self-mappings on C.
Definition 1.3 (basic setup)
. Let C be a nonempty closed convex subset of a Banach space E, and let {T 1 ,T 2 ,...,T N } and { T 1 , T 2 ,..., T N } be two families of asymptotically quasinonexpansive mappings from C into C with common Lipschitz constants {k n } and { k n } such that
respectively. Let {x n } be an iterative sequence in C generated from an arbitrary x 0 ∈ C by the following three steps.
Auxiliary step. With x n−1 (n ≥ 1) established, y n is computed implicitly by
(1.9a)
Predictor step. With y n obtained in the auxiliary step, z n is computed implicitly by
Corrector step. With z n obtained in the predictor step, x n is computed explicitly by
Here, T n := T n (modN) and
(1.10) 4 Implicit predictor-corrector iteration process Remark 1.4. Since 0 < β n ,β n ≤ c <K −1 , it is clear that the mappings y → α n x n−1 + β n T ln n y + γ n u n and z → α n y n + β n T ln n z + γ n u n are two contractions from the nonempty closed convex set C into itself. Thus, by the Banach contraction principle, there exist the unique points y n ,z n ∈ C such that (1.9a) and (1.9b) hold, respectively. Therefore, the sequence {x n } is well defined.
Our aim is to consider and study the strong and weak convergences of the above implicit predictor-corrector iteration process. To this end, we need the following lemmas. Lemma 1.5. Let {b n }, {b n }, { b n } be three nonnegative real sequences with finite sums. Then
Lemma 1.6 (see [10] ). Let {a n }, {λ n }, {μ n } be three nonnegative real sequences such that ∞ n=1 λ n < +∞, ∞ n=1 μ n < +∞, and a n+1 ≤ 1 + λ n a n + μ n , ∀n ≥ 1.
(1.11)
Then lim n→∞ a n exists. 
(1.12)
Main results
Lemma 2.1. Let C be a nonempty closed convex subset of a Banach space E, and let
and { T j } N j=1 be two finite families of asymptotically quasi-nonexpansive self-mappings on C such that 
are three bounded sequences in C, for any given
Then we have
Observe that
It follows
Similarly,
Consequently,
(2.8)
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where Proof. The necessity is obvious. For the sufficiency, we assume liminf n→∞ d(x n ,F) = 0. Let p be any given element in F. Then from (2.9), we obtain 
(2.15)
For arbitrary ε > 0, choose N 0 such that d(x N0 ,F) < ε/4 and ∞ j=N0 δ j < ε/4. Consequently, for all n,m ≥ N 0 , we have
Taking the infimum over all p ∈ F, we obtain
This shows that {x n } ∞ n=1 is Cauchy. Let lim n→∞ x n = u. It is easy to verify that F is closed. Since lim n→∞ d(x n ,F) = 0, we must have that u ∈ F.
As a consequence of Lemma 2.1, the iterated sequence {x n } is bounded. If the underlying space E is reflexive, then we can expect that its weak cluster points provide common fixed points of T 1 ,T 2 ,...,T N . This leads to the following theorem.
Theorem 2.3. Let E be a uniformly convex Banach space, let C be a nonempty closed convex subset of E, and let
) be a finite family of asymptotically nonexpansive (resp., asymptotically quasi-nonexpansive) self-mappings on C such that
, where K is as in (1.10) . Then every weak cluster point of the bounded iterative sequence {x n } defined by (1. 9a), (1.9b) , and (1.9c) 
Obviously, {x n }, {y n }, and {z n } are bounded sequences in C.
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as n → ∞. Since lim n→∞ γ n = 0 and {u n } is bounded, we have As n = l n N + n (modN) for n > N, we get Consequently, we derive
This implies that for each j = 1,2,...,N,
Note that the closedness and convexity of C imply the weak closedness of C. Let x ∈ C be any weak cluster point of the bounded sequence {x n }. Let {x ni } be a subsequence of {x n } such that x ni → x weakly (see, e.g., [4, page 313] ). Since the pool of mappings {T i : 1 ≤ i ≤ N} is finite, we may further assume (passing to a further subsequence if necessary) that for some integer l ∈ {1, 2,...,N}, T ni = T l for all i ≥ 1. Then it follows from (2.31) that for each j = 1,2,...,N, This completes the proof.
